The photo-ionization of atomic potassium is investigated using quantal methods. Emphasis is laid on the great sensitivity of the cross-section to the wave functions employed. The general features of the cross-section as revealed by the laboratory measurement can be understood. To explain the finite minimum observed in the cross-section-frequency curve it is necessary to take into account non-separability effects.
I ntroduction
Measurements of the photo-ionization cross-section of atomic potassium have been made by Ditchburn, Tunstead & Yates (1943) . In confirmation of the early results of Ditchburn (1928) , Lawrence & Edlefsen (1929) and others,f it was found th a t as the frequency of the incident radiation is increased above the spectral head, the cross-section falls, reaches a minimum and then rises rapidly. This unusual effect is a t variance with the quantal calculations of Phillips (1932) which had predicted merely a steady decrease. In addition, the apparent agreement between experiment and theory in giving the magnitude of the cross-section to be low (of order 10~20 cm.2 near the spectral head) is fortuitous, as in the latter a multiplying constant appears to have been taken to be much too small.
In a recent study of the photo-ionization of calcium Bates & Massey (1941) showed th a t electron exchange (which, of course, was not taken into account in the work of Phillips) could profoundly alter the cross-section. This clearly made desirable a reconsideration of the potassium problem to see if the lack of agreement with obser vation could be removed. I t was decided to repeat the calculations using very accurate wave functions in which allowance was to be made not only for electron exchange, but also for distortion and polarization of the core. Before this was completed, however, it became manifest that, owing to the extremely high degree of interference in the matrix element involved in the transition, the final reliability would not be sufficient to justify the considerable computational labour necessary4 The investigation, therefore, was directed rather towards determining if the ex perimental results could be reproduced by using wave functions th at appeared acceptable.
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2. The method of the calculations 2* 1. The formula for the photo-ionization cross-section of an atom to radiation of frequency v is simply 32774m2e2 " 3 Wc vva j j Xi(Zr )X*dr
where v is the velocity of the ejected electron, a is a weighting factor, is the initial wave function of the atom normalized to unit density, r is the displacement of a particular electron from the nucleus, and Xf is the final wave function of the positiveion electron complex normalized to represent a core function of unit density together with a wave of unit amplitude at infinity. In the case of an atom like potassium, the outer electron only need be taken into account in the transition. Moreover, as in the bound state the azimuthal quantal number l of this is zero, in the free state it must be unity. Reduction in formula (1) can at once be effected to give
where P (4s [ r)jr is the radial wave function of the bound state normalized so th at
and P{ep j r)jr is the radial wave function of the free state normalized so that, a t large r,
G fe j r) and Hx{e | r) being functions introduced by Hartree (1928) and Hargraves (1929) and tabulated by Bates & Massey (1941) and a and 6 being constants. Sub stituting numerical values and taking the ionization potential of potassium as 4-32 eV, (2) becomes
In order to complete the calculation P (4s | r) and P(ep | r) have to be found and the matrix element computed.
2-2. A table of P (4s | r) has been published by Hartree & Hartree (19386) . I t was obtained by the Fock method and includes the effect of electron exchange. Though no allowance was made for core distortion (in the mean field of the active electron) and polarization (in the instantaneous field of the active electron) so th at the function must tend to be rather too diffuse, it is sufficiently accurate to enable an estimation to be made of the theoretically possible cross-section curves. It had, however, to be extrapolated to greater radial distances than those given.
2*3. Ideally in calculating
P(ep | r) the atomic field shou polarization f and the Fock exchange equation should be set up and solved. Instead of this elaborate procedure it was decided to neglect electron exchange and to treat the polarizability of the core as a parameter to be varied over sufficiently wide limits to cover the uncertainty in the exact form of the wave functions. Using H artree units (1928) , the differential equation satisfied by | r) is thus
Here Z(r)i s the effective nuclear charge of the potassium positive ion. I t has been determined by the Hartrees (1938a). VP(r) is the additional potential due to polariza tion and was taken to be given by FP(r) = -* (P /(r 2+/>*)*),
where P is the polarizability and p the radius of the core. bility is approximately 0-9 x 1 0 24 cm.3, but the effects of different values from zero to 2 x 10~24 cm.3 are of interest. I t should be noted th at polarizabilities higher than the experimental tend to compensate for the neglect of electron exchange as this is attractive for potassium (cf. the positive ion of calcium- Bates & Massey 1941) . p, which is relatively unimportant, was takfen as l-4 a0. By means of a power series near the origin and numerical integration at greater distances, solutions to equation (6) for P(ep | r) were found for the range of polarizabilities just mentioned and for kinetic energies of the ejected electron up to 0*17U (1-35 eV). These were normalized by the relation (4). 2*4. Finally, the various wave functions were employed in the evaluation of the matrix elements J P (4s | r) rP(ep \ r) dr from which the photo-ionization crosssections were immediately obtained by formula (5).
Since there is no doubt as to the validity of the fundamental formula, and since the basic wave functions are certainly sufficiently accurate to justify the use of the variable parameter, the main features of the cross-section-energy curve found in practice should be included amongst the results.
The results
3-1. The calculated photo-ionization cross-sections for atomic potassium with various assumed polarizabilities are given in table 1. At the spectral head the crosssections are comparatively large for low polarizabilities but become smaller as the polarizability is increased reaching a zero minimum for a polarizability of 1'6 x 10~24 cm.3. Near the minimum they are extremely sensitive to the exact magnitude of the polarizability. The polarizability has also a great influence on the shape of the curve of cross-section against energy. In the region involved the crosssection falls off steadily from the value a t the spectral head for low polarizations, but for higher polarizabilities it develops a zero minimum a t some energy above. As the polarizability is further increased the location of this minimum moves in towards and eventually attains the spectral head. For still higher polarizabilities the crosssection rises with energy tending to a broad maximum. 3-2. The reasons for the effects described can best be understood from figures 1 and 2, which show representative plots of P (4s | \ r)drj against P, and (P(4s | r) rP(ep | r)) against r respectively. As can be seen in figure 1 the value of the integral decreases uniformly with increasing polarizability, passes through zero and becomes negative. This behaviour arises from the tendency towards cancellation of the positive and negative portions of the integrand, the former being the smaller a t low polarizations and the latter a t high polarizations (figure 2). The extent of this cancellation is of the utmost importance in estimating the reliance to be placed on any results obtained. A convenient measure of it is got by multiplying the integral by a suitable factor so th at it can be written in the form (1 - The' corresponding values at energies above the spectral head are slightly greater. Bearing in mind that the cross-section depends on (1-D)2, the high degree of accuracy necessary in both the initial and the final wave functions is clear. I t must be emphasized that even at large radial distances considerable accuracy has to be maintained (especially near the spectral head). This is illustrated by the magnitude of the cross-sections obtained if a ± 10 % error is made in (P(4s | | r)) for value of rg reater than 16a0. Thus taking the same examples as above 
D iscussion
As stated earlier the photo-ionization cross-section measured by Ditchburn al. is only of order 10~20 cm.2 near the spectral head. Even if the view be taken th at the experimental results arose from some type of absorption not allowed for in the theory, the very significant fact remains th at the simple p have a greater cross-section. In consequence the polarizability to be used must be close to the value 1-6 x 10~24 cm.3.{ Figure 3 shows cross-section wave-length curves 
S3
calculated with polarizabilities of 1*50, 1-55, 1-60, 1*65 and 1-70 10~24 cm.3Xand for comparison the experimental curve). I t can be seen th a t meeting the require ment for low magnitude of the cross-section leads necessarily to unusual variations with wave-length not dissimilar in general features to those observed. Detailed agreement is not obtained, but in view of the dependence on the exact form of the wave functions this is not serious except in th a t the theory does not give a finite minimum. The reason for the occurrence of this in practice is not a t first obvious.
(i) Any effect from collisions (even if appreciable) must be pressure dependent and thus is eliminated by the method of analysis of the measurements adopted to separate the absorption by atomic and by molecular potassium.
(ii) Both quadripole transitions and the consequence of the departure from perfect spherical symmetry of the potential in which the active electron moves were con sidered but were found to be inadequate to account for the discrepancy.
(iii) I t was assumed in the investigations th at complete separability of the wave functions involved is possible. Thus they were written simply as the product of the wave functions of the ground state of the core and th at of the electron in the normal field. However, the complete solutions of the wave equation contain in addition contributions from the other members of the orthogonal set of core wave functions and can in fact be considered as expansions in the form 
where y(A° | rc) is the ground core wave function, and y(X' | rc) is an excited core wave function. For the system involved the energy E of the active electron is of course negative when associated with an excited core, but the amplitude of the relevant wave functions X i î l ]r ), sition probability can be calculated as usual by applying formula (1) to the wave functions X i (r c> r )> Xf(rc>r )-Combinations between certain of the excited core term and the ground core terms can clearly occur. Owing to the introduction of different complex multipliers by the various phases of the free orbitals the modulus of the total matrix element does not pass through zero. Unfortunately, the wave functions of neither the excited core nor of the corresponding active electron have been determined. The equations for the former are of the standard type. Those for the latter have been discussed by Massey & Bates (1940) and need not be given here. The numerical work necessary for an accurate evaluation is very extensive and is scarcely warranted by the degree of interest attached to the magnitude of the crosssection a t the minimum. In consequence it was merely verified by crude approxi mations th at the correction terms can give rise to an effect of the right order. 
Conclusion
If allowance is made for the non-separability of the wave functions it seems probable th a t the experimental results can be completely explained, the close cancellation of the major part of the matrix element giving rise to the abnormally small cross-section and the anomalous frequency variation.
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